I. INTRODUCTION
Numerical relativity is considered the prime vehicle for the prediction of gravitational wave forms in the late stages of coalescence in binary systems of black holes and neutron stars. This eort is complementary to recent analytical approaches for the prediction of waveforms in the early stages of coalescence [2, 1] . Prediction of waveforms is an important factor in the detection of gravitational radiation by LIGO and VIRGO [6, 5] . The greatest challenges in numerical relativity i n v olve the simulations of multiple orbits in the presence of black holes or horizon formation. One of the open problems is proper numerical treatment of horizon boundary conditions.
In this Letter, w e explore the possibility of using approximate black holes (ABHs) for the purpose of numerical relativity b y i n troducing a small parameter, , in a modied setting of the physics of the problem. The ABHs to be considered are nontopological solitons in that they are produced by a real scalar eld in an asymptotically at space-time, such that the exterior space-time of ABHs approximates the exterior space-time of black holes (BHs) as ! 0. As a rst step in this direction, the existence of such solitons shall be demonstrated in the Schwarzschild line-element, leaving the general case as an open problem. The fact that the scalar eld is real, and that the stress-energy tensor in Brans-Dicke d o e s not stem from an additive contribution to the Lagrangian 1 , h o w ever, makes these objects distinct from existing soliton stars.
Concentrating on the problem of black hole coalescence, and thereby ingoring the presence of matter, we are at liberty to consider Brans-Dicke theory with ! = 0 as an approximation of general relativity. As will be claried further in what follows, the limit of small , instead of large !, will serve to approximate general relativity in a suitable way. V acuum with ! = 0 in Brans-Dicke theory is described by G ab R ab 
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where G ab is the Einstein tensor, R ab the Ricci tensor, R = 0 the scalar curvature, g ab the metric and the real Brans-Dicke scalar eld. The stress-energy tensor S ab is trace-free, whence 2 = 0 . It thus has the property of a unique coupling to the Einstein tensor in G ab = S ab , namely = 0 ; 1 [10] . In a sense, S ab is a four-dimensional, scale free generalization of surface tension in three-dimensional continuum mechanics. Soliton solutions can be found from their transition equation [11] . In seeking soliton solutions with approximate exterior Schwarzschild space-times, we shall work with the Schwarzschild line-element Earlier analytic studies, by Brans and Dicke [7, 3, 8] and more recently by Campanelli & Lousto [4] , have employed dierent line-elements (including isotropic spatial coordinates). The`black hole' solutions of Campanelli & Lousto [4] are non-standard, in that their solutions have innite horizon surface area, and their exterior space-times are`funnels' characterized by a local minimum of area of surfaces of constant r. e + ) 0 = 1 + e + 2 e + ; 0 1 2 e + 0 = 1 e ; (6) in which r a S ab = 0 has been used to replace the second of Einstein's equations. Note that solutions to (6) are approximately Schwarzschild, wherever 
II. TRANSITION EQUATION
are nite and regular near the origin. We shall interpret the solutions as regular, nontopological soliton solutions for Z. The coupling to the metric is through Z ! ! S ab .
The transition represents an eective horizon in that it represents a thin layer of arbitrarily high redshift. Thus, in the classical sense, the horizon is removed by S ab , and reduced to an eective horizon for suciently small . In particular, with P = l=2M, where l is the Planck length, the distinction between the eective horizon in the presence of S ab and a true horizon in the absence of it can only be discussed in the context of quantum gravity for black holes. The new solitons with small can therefore be regarded as approximations to Schwarzschild black holes, in that the dierence between the exterior space-time of the solitons and that of Schwarzschild black holes is within the realm of quantum gravity for P . W e expect that the present arguments carry through in the case of Kerr black holes, but have not pursued this point.
If S ab is indeed physical, the extreme soliton solutions put Hawking's theorem [9] on the non-existence of black holes in BD theory with non-constant in somewhat dierent perspective. Hawking's theorem is purely classical and does not take i n to account (nor prohibit) the possibility encountered here of non-black hole, soliton solutions which are classically indistinguishable from black holes, their dierence being within the realm of quantum gravity. Their interior space-times, however, are dramatically distinct from that in standard black holes. In this context, note that a Schwarzschild black hole remains a solution of (1), by considering =const, so that, in fact, (1) denes two solutions with like exterior space-times. The nontopological solitons, therefore, may be considered bifurcations from Schwarzschild black holes in space-time with S ab , where the bifurcation parameter is .
IV. CONCLUSIONS
The approximation of black holes by extreme soliton solutions oers the advantages of a global time-like coordinate and a regularization of horizon surfaces due to an everywhere nite (but arbitrary large) redshift (and hence allowing for a great degree of freedom in space-time slicing). In light of this, the solitons are proposed as an Ansatz for treating black holes in numerical relativity. P erhaps the a priori most immediate aspects to be addressed are (i) the nature and handling of the singularity at the origin and (ii) the persistence of the soliton solutions during genuine three-dimensional time-evolutions. It would be of interest to consider the eect of a nite coupling constant, ! < < 1, on the behavior of near the origin. The strong interaction of two solitons in a binary system, furthermore, challenges their existence, in that radiation of to innity m a y threaten to disperse the solitons. It should be appreciated that small serves to reduce radiation of from the region near the eective horizon, in view of the associated high redshift. It would take three-dimensional experiments to verify these radiation and stability aspects. 
